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§11 PCW)C‘.CU] actions on E-extensions

_giQ. et & be an Muijr\% C”&%"“S and E: C"x ¢~ AL be an aoMnl;ve Gi?v”fﬂtm.

Cl (1) The cmeswywlmce/
Home (A, A") x E(C, A) — E(C, A",

(a,0) — a-0:=E(C,a)(d),

wlfw,vx c&@pmuﬁ pur OUM A,A‘,Cf CJ Sa,Jf:s;;ae Jcl/te/ pzo“owil/\@ (prupq,r{‘ieS:
(i) 14-0=0 VY 0eE(C,A);

(ii)) (@'a)-d=a"-(a-90) Vae€Homg(A, A"),a € Homy(A', A”),0 € E(C, A);

(ili) a- (014 02) =a-01+a-0y VaeHomg(A A'),d,0 € E(C,A);

(iV) (CL1 + CL2) o aij - O + ay - o VY ai, Qs € Hom%(A,A’)ﬁ - E(C, A),

(v) 0-6=0 V3&eE(C,A);
Thmt 1 S, }{’ olql‘nMA a pm‘{‘:ul \e,g{’ cwj[iov\ (bm(;g\)r',lole/ wi\/\/\ JY\/\{; Hom*@rompg‘ M\A ’E'g‘ﬂovp 6\ Sumn OPQF&“\'}OWS,
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(2) Dum\lg, the wrr%@m@[aw&&
5(C, A) x Homg (C', C) — E(C", A),
(0,¢) —= 0 - c:=E(cP, A)(9),
when )Qp;vxal por ol A, C, ()6 4 Swjr:s;;ee J(\M/ po“owmg 6)(\0‘)@\'\‘[”3652
(vi) 0-1¢ =06 VoeE(C A);

(vii) - (cc') =(0-¢c)- Ve Homy(C',C),d € Homg(C”,C"),d € E(C, A);
(viii) (61 +02)-c=0d1-c+dy-¢c Vc € Homy(C',C), 01,0, € E(C, A);

(ix) 0-(c1+c2) =0-c1+0-ca Vey,c0 € Homyg(C',O),0 € E(C, A);

(x) 6-0=0 VoJeEWC, A).
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Additive W’/ali %cujﬂ@\/\

Definition 1.2.1.2 [NP19, Definitions 2.7 & 2.8] Let A, C' € €. Two sequences of morphisms A = B % C

/ /
and A 5 B' L O are equivalent if there exists an isomorphism b : B = B’ such that the following
diagram in 4 commutes:

Ap oL )

, . . x Y x! Y
Moreover, for each pair of equivalence classes [A =+ B = C] and (A" — B" — Yol |, we denote

A5 BYS @A 2 B Yy o= (A A" 22 paypr XY cay o)
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Definition 1.2.1.3 [NP19, Definitions 2.9 & 2.10] An additive realization of E is a correspondence s
which, for all A,C € €, associates to each § € E(C, A) an 5(0) =[A % B4 (] such
that the following properties are satisfied:

i) if s(0) = [A & B & (],s(0) = [A % p Y C'] and there exist a € Homg (A, A'),c €
Homgy (C’, C') such that , then there exists b € Homy (B, B’) such that the diagram

A——

i

B—2-C
bl
B

/

in ¥ commutes:;

(3)

(ii)) for all A,C' € ¥ and 0 € E(C, A), we have that s(0) = [A ——> AP C —= (01)

— C;
(iii) if s(6) = [A 5 B 5 C] and s(8') = [A’ z, p - C'], then s(6 @D ') = s(0) D s(d).

In this case, if 5(0) = [A & B % C], then A & B % C is known as a realization of 0.

on . O-Auclander Extia “M Codegories Addtive vealization
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Definition 1.2.2.1 Let C and D be classes of objects in €.

(a) We denote by C * D the class of objects F in % for which there exists a C —-FE—D
with C € C and D € D.

(b) We denote by Cone(C,D) the class of objects E in € for which there exists a s-conflation C' —
D — E with C € Cand D € D.

(c) We denote by Cocone(C,D) the class of objects E in % for which there exists a s-conflation
E—C—DwithCeCandDe€D.

Definition 1.2.2.2 A class C of objects in € is

(a) closed under extensions in € if, for each A — B — (C such that A, C € C, it follows
that B € C, i.e. if C C;

(b) closed under cones in € if, for each s-conflation A — B — C such that A, B € C, it follows that
the C e, ie. if C C;

(¢) closed under cocones in € if, for each s-conflation A — B — C such that B,C' € C, it follows that
the cocone A € C, i.e. if C O Cocone(C, C).
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§1H Progectiviby, and injectivity
&fﬁ \.d (fg/ﬂ_fj S) L?P/ ant &X{“vim&@ub}&ﬁ MJI'&SUYS.

An object P € € is E-projective if all morphisms from P to the cone of a s-conflation factorize
through the corresponding deflation, i.e., if A Iy B % Cis a s-conflation and P %5 C' is a

L : : B . : : :
morphism in %, then there exists a morphism P — B in % such that the following diagram in &
commutes:

P

Jh
AT>BL—>C

[E-injective objects are defined dually.
An object () € € is E-projective-injective if it is both E-projective and E-injective.

We denote by Projg (%) and Injg (%) the classes of E-projective objects and of E-injective objects
in €, respectively.
(¢,E,s) is reduced if Projz(%€) N Injg(€) = {0}.
O’A;ue;[r:wwi‘@f szfjfv'u:maumecﬂP QJTLLJ?(@S §1Ll pwoemt'\\;;{’ta avw[ ,'w\jgo)ﬁ\,,“ho




Lemma 1.2.2.13 (Characterization of E-projectives and E-injectives) Let () € €.

(a) Q € if, and only if, E(Q, A) =0 for all A € €. )
LVP19, €. 3.24]
(b) @ € Injg (%) if, and only if, E(B,Q) =0 for all B € .

é%mf. Eyerasel  \Hint: ke \ovus exact sé@rucvst)

Proposition 1.2.2.17 [NP19, Propopsition 3.30] Let .# C % be a full closed under

isomorphisms in 4 such that ¢ C , and let (.#) be the ideal generated by the

morphisms in ¥ which factorize through obects in .#. Then the quotient category % /(.#) has an
structure, induced by that of (¢, E,s). In particular,

¢ =€ [(Projg(¢) N Injg(¥))

extriangulated category.
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Definition 1.2.2.28 Let S be a class of objects in C and C € .

(a) A S-resolution of C'is a sequence of s-conflations L;,; — S; — L; with ¢ > 0 such that Ly = C
and S; € S for all 7. If, furthermore, there exists an integer k£ > 0 such that L, = 0, and therefore
a smallest such integer m, then the length of the S-resolution is m — 1; otherwise, it is co.

(b) A S-coresolution of C'is a sequence of s-conflations L; — S; — L; 1 with ¢ > 0 such that Ly = C
and S; € S for all 7. If, furthermore, there exists an integer k£ > 0 such that L, = 0, and therefore
a smallest such integer m, then the length of the S-coresolution is m — 1; otherwise, it is oo.

In particular, we call -resolutions and Injg(%)-coresolutions projective resolutions and injective
coresolutions, respectively.

o /% U Jf'fl‘i%f oV iN /j’ A}U 4 [r:wwi.@ e EMLV"( ’W;‘XUKMTLL’P Q’*%j”“ es § 1 5 R@SD, U‘lﬂ) ens QV\AJ Lo Y\@Sbl U{E‘l bn s



Definition 1.2.2.29 Let S be a class of objects in 4. We recursively define the following classes:

oA {{0} ifn =1,

" if n > 0;

SV . {0} if n =—1,
" | Cocone(S,S8Y_,), ifn>0.

Moreover, we define

S'=1{J8) and SY:=JS) .

n=>0 n=>0

Remark 1.2.2.30 Let S C ¢ and m > 0.

(1) is the class of objects of 4 which have a . thus, 8" is the class of
objects of 4 which have a S-resolution of finite length.

(2) S, is the class of objects of ¥ which have a S-coresolution of length m; thus, SV is the class of
objects of ¥ which have a S-coresolution of finite length.

> A/{, ) Jf'fl‘——’%[ oV iN /j’ A}U 4 [r:ww& e EMLV'{ /Mjuzlﬂ%’ﬁ Q’*%j”“ es § 1 5 RQSQI U+‘J on g QV\A/ (0 Y\QSOI U+) bns



Definition 1.2.2.32 Let C' € €.

The projective dimension of C', denoted by pd(C'), is the smallest integer n > 0 (if it exists) such
that C' has a

The projective dimension of (¢,E,s) is

pd(%,E,s) := sup{pd(C) | C € €}.

The injective dimension of C, denoted by id(C'), is the smallest integer n > 0 (if it exists) such
that C' has a injective coresolution of length n.

The injective dimension of (¢, E,s) is

id(¢,E,s) :=sup{id(C) | C € €}

uM, U %:C%[ ol N D’A;u e;[«:wwi‘@f Ez\fjfvwcmauKML@’P Qﬂtb‘j”“gg < §15 RéSb, U+‘l ens OLV\.(Q/ Lo Y‘éSbl U+‘J bns



AW Syzygies and cosyzygies
Definition 1.2.2.33 Let S C 7.

(a) We recursively define the following classes:

y

S if i =0
( QHS)) ifi > 1 and Q7H(S) # &,

Q'(S) := «

\

and we call Q%(S) the class of i-th syzygies of S.

(b) We recursively define the following classes:

2

S ifi—0.
\Cone(Q_(i_l)(S), Injp(¥¢)) ifi>1and Q- -Y(S) #£ &,

and we call Q74(S) the class of i-th cosyzygies of S.

5 A/{, U JF'LC%[ on N /j’ A (DX ficwwi‘@ . EMLV'{ éw'\,au KMWLLUP QJTLLJW ies § :(‘ é g 3%5 ﬂ'\@g an 605‘53 5 ﬂll 65



Remark 1.2.2.34

(1) For § € € and j > 1, may be empty and, moreover, ’(S) is undefined if ’~1(S) = @.
However, in general, QF(S) is well defined and non-empty for all 0 < k < + 1 and
S C%.

(2) Dually, for § € % and j > 1, may be empty and, moreover, 277(S) is undefined if
QO-U-Y(S) = @. However, in general, Q7%(S) is well defined and non-empty for all 0 < k <
id(%¢,E,s) +1and S C %.

Definition 1.2.2.38 The (¢,E,s) has:

(a) enough E-projectives if, for all X € €, there exists a deflation P — X with P an ,i.e.
if =%

(b) enough E-injectives if, for all X € €, there exists an inflation X ~— I with I an E-injective, i.e. if

¢ = Cocone(Injp (%), %)

N /% U JF'UJ%[ oV N /j’ A vs [»’;"wu;i‘é v Ez\fTLvy; L:m,au KMWLLUP QJTLLAH( &S 5 § 1 é S (j %5 ﬂ"% CLY\A Cogtj 35 ﬂ',@g
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Setup 1.2.5 Let (%, E, 5) be an extriangulated category with both

Note For C' € ¥ and i > 1, we will denote any and i-th cosyzygy of C' by Q'(C') and Q7(C),
respectively.

Lemma 1.2.5.1 Let C, D € €. Then,

E( D) ~E(C,Q YD)).

Grod LLNT7F Lo, 5.1

Mutation n O-Aveland.er Eﬁwmau&ﬁwﬂ ijwaw?&g MD/ §1? Emug_g\/\ TE‘PFUQU/+\V¢$ WX (E-m‘dcvjﬂvbﬁ



Theorem 1.2.5.2 For any s-conflation A — B — (' and X € ¥, we have long exact sequences

Hom(X, A) - Hom(X, B) - Hom(X, C) —
E(X,A) - E(X,B) - EX,C) —
A) — E(Q'(X),B) = EQYX),C) —
E(Q*(X),A) = E(Q*(X),B) = E(Q%X),0) — ...

Hom(B, X) — Hom(A, X) —
E(B,X) —>EA,X) —
E(B, Q7 (X)) = E(A, Q7 (X)) =
E(B,Q *(X)) = EA,Q (X)) —....

Hom(C,
(C,

—1

X

N

N
( o
2(X —

)
)
)
)

G LLNTF Pm%.z].
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Definition 1.2.5.3 For all C, D € €', we recursively define

(Hom(C, D) if ¢ =0,
E'(C,D) :={E(C, D) if i = 1,
E( D) ~E(C,Q"0-)(D)) ifi>1.

Rk - We thos obbain “well ole,p}vwﬁQ” p@sxjr;w/ exbengions ¢ >1 por E i the sense
f%ﬂbj[ H/\fﬁg u(/LD\lu GRS ‘H) PUT‘J(\A@)’ (l\({‘ey\l OVY $~CDY1FIOG[3£9Y\§) (on6 exa,C.{’ g@ua\aﬂés.

Remark 1.2.5.4 We have that

min{n € Zso | E'(C,X)=0 Vj>nX €€}
id(C') =min{n € Z>o | E/(X,C) =0 Vj>n, X e€E};

from which it follows that pd(%,E,s) = id(¥,

o /% U JF'(,C%\‘ on N /j’ A Vs [z’j’u’\[/i‘@ e EMLV'{ ﬂwﬂu KMWLLUP QJTLLJ?( ies § 1 \71 EV\@U&M ‘I‘E~ \Fn% e,(/""'l\l& ¢ a\y\)\ E-)V\.




§18 Gﬂ\/\eral ckivvxcmsio\/\ 8L\(fjriﬂf3

Setup 1.2.4 Let (¢, E =: E',5) be an extriangulated category such that E’ is well defined for all 7 > 1,
i.e. such that, for any s-conflation A — B — (' and X € ¥, we have long exact sequences

— Hom(X, B) — Hom(X, C) —
S E(X,B) = E(X,C) —

— E*(X,B) - E*(X,0) —

— E(X,B) - E(X,0) —

— Hom(B, X) - Hom(A, X) —
— E(B,X) > E(A, X) —

— E*(B,X) - E*(A,X) —

— E}(B,X) = E(AX) —

§1.% General dimension shipting



Definition 1.2.4.4 For a class of objects & C ¥, its right and left orthogonal classes are respectively
defined as

S ={Bec¥¢|E(S,B)=0 Vi>0,5¢€S}
1208 . ={Ac ¥ |E(AS)=0 Vi>085¢cS}
Lemma 1.2.4.6 (Dimension shifting) Let S C ¢ and C € .

(a) Suppose {L;11 — S; = L;}i>0 is a of C'. Then, for all D € n>0and k >0,

E"**(C, D) ~ E*(L,, D).

(b) Suppose {L; = S; — L;i1};>0 is a S-coresolution of C. Then, for all B € *>°S§ n > 0 and k > 0,
E"**(B,C) ~ E*(B, L,,).

Q)/mé Exerde kHiV\jf: U%& Q.X\LeV\AQ/A \uvus g,xqu( S{@U{QY\L@S,B
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Definition 1.2.4.10 An category (¢, E,s) is hereditary if E* = 0, i.e. if E*(X,Y) =0 for
all X.Y € @.

Proposition 1.2.4.11 (Characterization of hereditary extriangulated categories)
(1) (¢,E,s) is
(2) If (¢,E,s) has , the previous conditions are equivalent to

(3) If (¥¢,E,s) has , the previous conditions are equivalent to

Proof. See |GNP23, Proposition 2.1].

Remark 1.2.4.12 [GNP21, Remark 3.2] If E? = 0 for some ¢ > 0, then E*¥ = 0 for all &k > .
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¢2 1 Notiong of vigidty

QC_Y\. A 5\)\0@4&@%0% JCEC i W i \EU{ R)=0. \:‘urwérwwre) \Jr S
© madimad aigid p, ¥XeT, E(ROMAN), ROudA(K))=0 =X e,
 F- Ailling ip, $X<8, BCRI=0=E(RX) = K e,

J\/‘OY‘QOV@W/ an DQ)Q’e/cWL ReZ is N@EA/MAX‘:MA/] r‘rg')o\/lE'Jﬁ\J(iV\ﬁ - H&e subm‘l'egwb &MU{) 18,
Proposition 1.2.2.25 Let R C % be a . Then, R is

Proof. Let X € € be such that E(R & ,RPadd(X)) =0. Then, in particular,

0=ERPX,RP X)
= E(R,R)PEX,R)P(R, X) PE(X, X),

from which it follows that E(X,R) = 0 = E(R, X), which implies that X € R by hypothesis.
Mutation i O-Aoclander Eﬁwmau&&wﬂ Cedegjories 21/ é)Qi Notions of vigidty




Setup 1.2.4 Let (4, E =: E!. s) be an extriangulated category such that E! is well defined for all 7 > 1f

Dﬂ\. LﬂjC Sgé \/\/6 olenojf6 lvfé J(LICKS (8)95 ﬂ\e ctosum op xp UY\AQ}\“ exj(ensx‘wxs/
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_E_X\ Aaubuﬁf@%m R é \SA&% WW P F(ﬁ R) 0 AvLc>O Mbrw\f@r J( 1<
W@ ,p .s o wSe/A. unA,ev ol\rec/{' SUYV\MQV\AS i 5 \‘ur{‘l/\l/vmpre J( ' S

silling ¢ Mk R)= s

0 e PN ol Py (€) € R

e T2 Lng (T and Lvm(?: c Bn

An object R is (PYds.H,V\é/n nalncotilting g er subestegory adA(R) s,
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§Q<l E@UWM\M\L@ (OLJ(\A/@@/V\ S{Hiﬂﬁ omi ‘EiH’M%
RM‘L \,E/J[ ﬁ C l<3€/ o Qv% \)(lvkg %ULJCML%DTI:& I@ng \WS\P)Y‘OLJVWV\ grom \,AIZZ]

Let projC denote the subcategory of C consisting of all projective objects in C .|l — extri av%u\m%ab

Proposition 5.5. The subcategory projC is a silting subcategory of C if and only if C = (projC)".
In this case, a subcategory T of C is a silting subcategory if and only if T satisfies the following
conditions.

(1) T 1is closed under direct summands.

(2) T C (projC)".
(3) T is self-orthogonal.
(4) projC C TV.

we wmalle Hhe Q@ ow.m& sbservodion s .
(, ) -Lp P%ﬁtf C ﬂ/%v\ //'E L)E/Wﬁ 5\[ nwg 18 Q,_f{,u\\/@[&VkJ( "\o P%&;Cﬁ> RV

(2) I(D Prb\)/’(f n— C ﬂl\&\/\ /? L?@IV\ij h”‘\q\l IVLfﬁ 18 Q{{,ul\/@t&vj {\O qu[{/(:é>“’7{vo
(3) Pﬂd,f[f)vx = Pr{'nf(f) :
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Q_gl_-,]—:$ )(\V\&TQ/ an N Qoy W\/\?o\/\ pf()dlgéé)a :C fm(Pzié/S 'H'wu'l' ﬁV://{\é\/‘)

g‘mcg P%E[C)Q :P%E(C)J W& (re yw)( erer%JmA 17 HML wse 1=0, s iJ( impliﬂs C:Pm\‘m(é),
On the other L\mw! por n =4, the condibion Prge(C)1 = C»MLP%ECZZ)/ P%E(ZZ)\: G s y_(u“.va/l@w%
To C l/wm& anpuah bE-\on@erwes oand PMZZJE, 521, which [75 [GI\IPZS/ Pro. 141 ig pwH/tU e@ruxmlaﬁ
'ko C WVMS éwyvé\A b_t'\omswjrwe% W\A Eeiwﬂ MQVCAi{‘G&Y%. ASSUWL(L Prq-)&,cé)/i - C \/\0\0\5 cmi Leﬂt

%
Xé/ , _ﬂ/\ew/ tHhere EXisl' an Mz6 CmoL N %@uovu;a oQ 5~(,omo(ml.‘om$

Lo =~>Re—=Lys, 4= Re—Lz ..., Lm-4 5 Rma —Llm, Ln—>Kn—0,

WL\me, Lo:X OWL RO,,,,) RMG/LB. Smcc A (S OL&S&& uv\)\e\r fsovv\ow()\/ﬁevvtg &WJL Km“"\-m, ‘LJr \pouows J(,/LGC)- me/f'z,
Ip m=0, /?/ l)e/w\@ leaﬁ&A (MAM ak“vuJ( summam/ts ]mv\iés D¢ ﬁ, an\ l?g Jrl/w S‘C@V\@Lﬂu‘}ibh X=> K-> O, 1{'
@al[ows H\%J( X € wanétﬁ/ﬁ). Ip m=1 then Xeawnatﬁﬁ) 19% X=>R~>L4. Tp M»1, Stce G i \/\@ruwmvn Oow)
ﬁé /"El’ﬂ \013 'lJmMﬁ }Vﬁlv_\ appt«siwa %@mm)\ clam&vxswn sL\i\(ljrmg\ Jruj(\/xa S-(/bn\atwjﬂbns Wl (on g};{—a,‘v\ LLé;i (Exemigeb‘
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=0 S

S_W?, \,@JC CC fE 5) \/\U&va oku@x\ - Pmd@6+‘\’&5 Q/Y\CL FA LC (ES) 1_
Pro. A presilting subeutegory ZL  silkng ip, and only ig it i {-4ilting.

Em)( UVM(&Y’ H/\L P\f&culm&o Sajrupj wWe_ WEL\ \]‘QP@Y‘ 4’ 1- J*l\' W@ 0\93 @o{“& /Su\wbw‘[’ ovieS SIYV\YJ 4 oS W
E@ dual Jr P (ﬁ C, 5\ LLOLS e/wovﬁ\/\ - W\Q@u{'wbs aVL& oué [ $\) _/l then i fjr oy & 4- CML [)rmcb)

in H\»s OGU(@/P case, we W\L\ regev + 1- cowL pr vx@ pbd&u+5 /Su\wwvjfe,goﬂf/s QIYV\\OL(S oS WW .
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EQQ, TEH(V\S Subcmtagmraoé Xy? E‘H%inﬂ.

Grsrff

(c)=(d): Suppose R is tilting, and let X € € be such that E(X,R) = 0 = E(R,X). By our
assumptions, there exist P - P —- X,P, - R - R'and P, — S — S! with
Py, P, € Projg(%¢) and R°, R',S°,S' € R. By [NP19, Proposition 3.15(2)], we have the commutative
diagram of s-conflations in €

where the second row is split since E(X, Ry) = 0. Analogously, we obtain the commutative diagram of
s-conflations in &

‘,./L/(’ ] JF'UI%[CD N D’A;u e;[cmg&f Ez\fjchmaumec.aP QJTLLJ?Y@S §Q¢1 Eq,ui\,m\uu@ (QQ,J(we@m siLJri/\(S cuul. Jmu\w%



_PL]Q, TEH\'V\S SUBCML&%WWQ e E,-Jr;’f,‘nﬂ‘
fﬂ'ﬁﬁ% C__,[/Mjr-.kuu

Ph— RPOX —— R

J J \

SO . S(')@Rl BN le

l |

Sl Sl
where the second row splits because E(R', SY) = 0. Since R is rigid and E(R, X) = 0, then E(S*, R° P X) ~
E(SY, R @ E(S!, X) = 0, by which the s-conflation R°@ X — S @ R' — S* also splits, which implies

that S'@ R ~ ROP X P S*. Since R is an ~then S°@ R' € R and, since it is
in%, X €R.

Rulk Tuthe doal Setop, cotilting = [E-tilting,
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find
//Wmh F o cchie \\

N\L |/F WQ(/V{*\/“&

JF‘.H;V\S al-Aml ;/E,S)L Cojru ‘ﬂﬂ

AN

_ St |
LQI\JPIZ, A”tﬁ LE'PW()&O)F‘\'@ K\ E J\‘ Amb - 'V\oe,ojﬂw,
Tb\m, Lf%] \/\as on R‘Pvezvxvetap@ / \/\CLS an E‘pv@covew

XIVVWV Y‘I‘B JJ

MU{‘@JHOVL Nl O 4 cw\[l P JF %wﬂ CmJ( (() 28/ §Q.QEC{,¢A\/AJJ\L@ {96{'\/\/601/\ SCLJFEM:S aw\zl {‘iHWLg



3.3 %ohgadtz Ccojoom\o\e)r:om
X —=Y,

) l@\oJE (g\/ékppfOM'\XaA'jo\/\ op K ”

Y preznvelope op X"

MVD :p Pl l/\\(3 —:—J—a\{g

( 1)
L l@p+ e YVLW[

ﬂ/{uﬁgﬂam N O“Aué(cwwléw Eﬂtwwl%utmﬁ@ﬂg CW%&%@W&S 261/ §Q3 %Ohga{‘%& (Lo)comp\mLIom



Den, Leb YT od CL.
9) A M- joreonsedsus of Cis amorolism CENy wibh Ye¥ ook brat, por all ¢, bhe
nduced viap Homy (¢ ¥'): Homg U ¥ = Homg (€ 36 someckive. Tp porthermore
eoe ol W ¥a =Ny hpzp = Wi an adtomorphism, then CNa i o S smmddipe op C.
(2) A Y- jprecover 0p Cis wmorphiom Y>C with Ve soch Hhat por wll Y, bhe

nduced Map Howlg (Y’ 6): Homgu'/\( ) — H@mc(\{l'ﬂ) S SUV\‘}Q&NQ. l_p/ \guﬂ%wmnr@
puv o) 5?\(2“7\(2/ A3 =4 = ) is an mJ{‘omorP%gm) H/WM \(z"s"(/ 'S a A;“ Cover— op C.
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/Si\g_, LP./J( (,C, [EJ S) \/\ﬂwa ((WE/“ O{,@%}V\ZQL\J Pbs‘\l‘l\l@ &(JW/Y\S\DV\$ DQ Mi

Den Let Rbe o presilting ohiect w €. A Bomgarty lardeomplelion op K s an cljet ST sul
that adA(RES)E T is (c,o\f‘lum%,

Rk When € is hereditary and fhere exists Tt such that T (2)2add(T), the Bongarte
cowwwa @Jrv‘om AN g‘wA (H’lus pres;” n@) ob e @éc Ceon be covxsj(mcd QS JV)/W/ cocone 6f on

aMLRB (DW/COVQT R—>I oy I gm w\/m(/\A we,V\LMQ {‘o be o A@p o, AK\V\S \v\sf;m}ror\ Cyew
[ PPPP49T]

Setting for Section 4.2, In that section, we let C be an extriangulated category with a fixed full
additive subcategory v T, stable under isomor phisms, under taking direct summands, and satisfying
the following three properties:

(1) Every T € T is projective in C;
(2) For each T' € T, the morphism 7" — 0 is an inflation for the extriangulated structure of C;

Oy
(3) For each X € C, there is an extriangle 77X — T¢¥ — X -5 in C with T¢%, 7 in 7.

Lemma 4.33. Fvery morphism with domain in T is an inflation.
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SE.Q. I_UE LCLS) l/wwc e,woug\/\ (E“'w\‘wujﬁ\,e/s av\& \‘auﬁ,ﬂf, 9) é_’{

E\Q guwbsa H/\%Jf there exicts an DLQu/Jf Te %uU\A H/%J( IY\\’)E{,ZZ):&J»D(éI) cmi O=1 ica p(aplemu\/\.
\_b{- Ufé be « rgi 0{ 019&0* TQ L is an O«M W&LO\/@\“J H/LQ\/\ i)L 15 a Aa\pta&?@m OLV\A H/\é
cocone O\a JT\/\L wmgpuvw[mg $'Lov\q>lm/l'i0h VS ‘H/\@ @DW%&T+% (,@(,oyv\pkg;l-,‘oy\ @@ U.

M LML U.’*’I bé’/am QM {:ruov@r &‘i\ H/L@ iupvl o &@()PPjﬂ LmW\ Ll%ﬂ U"I_ 1S wo{ep

4—,954 Le/% p - U —“I [f)e/ H/L@ CUYY‘&&(PDV\&LY\S MW\QLW{WOV\ prow w)/\ J/\ \We Ou‘mh J(\/\é éz@wj( S@ﬁ(u@nwg
Hom(U,U") — Hom(U, I) — E(U, Py) — E(U,U"),
E(U",U) = E(Py,U) — E*(1,U),
E(U’, Py) — E(Py, Py) — E*(I, Py).

By rigidity of U and biadditivity of E, it follows that E(U,U’) = 0 and, since U’ — I being a add(U)-
preenvelope implies that Hom(U, U’) — Hom(U, I) is surjective, we have that E(U, P;;) = 0. Moreover,
by heredity of € it follows that E(Py,U) = 0 = E(Py, Py), which furthermore implies that Ry is rigid.

Thus, it follows from the s-conflation Py — U’ = Is T that add(Ry) is cotilting.
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R %U\P\()@Sé/ Wwe exiotS \ﬁ %uUl/x \L‘Amjf VMUZ):OJJ{Uj‘ SIV\L& é/<Pro\3yE () (\IWJLZZ\>:"CJ; 'S
e,xjrnm%u\ujre,ﬁ.) the existence of an S-cm\owmv\ N->&-=T wh &6()%5 (Z) [\IWWE&;) ""‘P\‘“ e
ex&erewLe o« O(e,ptmtaoy\ 0-1 wn Z:\J o\nA i § J(]/kuﬁ SU?pfOi QVLJF {‘D QFPLO HM/ pv\@v.‘aus PFDPUSHLIUY\ ]Vo t\.

TL\M 4iNeS US Jr,/w Qouowmg \reguH".

(_)I.\Q- gu\ogbse/ Hf\ﬁd there éx.s{‘ﬁ an 017(;&(/+ \ﬁ uul/\ J([AML nw[@“&iaujj) cMA Jr}’\@r(f, i3 omn S’wnp(wjt*on
N=Q=T with Q¢ by lEINT, o). Lot Ul be a rigidd sbyect. Tp U=T i an add(8030 (uyplon T, fo)) -
pretover H\Wl e to WM oan [E- P ective - /vxgéwlh\)e, %umme to U WE Ma - Asume nL 1§ Aqﬂaﬂ‘,@m.
Ii; PU U~-T is the comis()av\Amg N Lovxwm}mh Hn oadd (2URSEU (P, Eé?i)ﬂl}wf&m S CMLilJr}YL@,
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Definition 1.2.2.39 [GNP23, Definition 3.5]

(a) If (¢,E,s) has , its dominant dimension, denoted by dom.dim (%, E, s), is the
largest integer n such that for any object P there exist n

P — Qo — My,
A/fl — Ql — A/IQ,
Ajn—l — Qn—l — A[n
with () an E-projective-injective for all 0 < k <n — 1.

(b) If (¥, E,s) has enough E-injectives, its codominant dimension, denoted by codom.dim (%, E,s), is
the largest integer n such that for any E-injective object I there exist n s-conflations

N1_>Q6_>]7
N2_>Q/1_>N17

/
Nn — Qn_l — Nn—la

with Q) an E-projective-injective for all 0 < k£ <n — 1.

u A/{, ) Jﬁl‘——’%[ o In /j’ A v [C«,V\L&" e EMLV'{ am«au KMWLLUP QJTLLJW ies § Q . 3 %O ntsarltz (C‘U,BCDM{D\Q% Lon



O B AUS\O&V\&QY 6X+YY(/LV16U\OJ/(/)\. C&%@%OY‘\ €S

Lt (CE,5) have enovh E-projectives, pd (€ E5)EL < don dun(€ES) | and an oheot
$uU]/\ H/\%% PVD UZ Oll-ﬂu ) T\/\QV\ (D DLUA ‘}%J OW\\A T\\%\A LJQE,CA" Ké ZZ Faf Wl’h0l/\ {’kéré 6)4(5{'3
oNn ﬂAOl(%Q’EU(Pm VEKZZ)(\T Lz;ﬂ) Qrear\\lb{v{)b o@ p\/ms A %ML@&KFZ COVv\(D\e/+\(9ﬂ

Bté [GNP?.S]/ we L\a\le ]L\/\e @o”ow\wg aq(u'wcb[&na@.

Proposition 3.6. Let (4,E,s) be an extriangulated category. The following conditions are equiv-
alent.

(i) (¢,E,s) has enough projectives and pd(%¢,E) <1 < dom.dim(%, E).
(ii) (¢,E,s) has enough injectives and id(%¢,E) < 1 < codom.dim(%, E).

_W\is m(;jr]wvjr&s oV WMa N C&Q]ORV\IJHOVI‘
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AV\ EXTLTMLVL%U le(ci CWJF%OV UZ ”j/ 35 [ {‘ l/\&bé Znou \/\ E \pWéU/‘hv&Q OU"-‘X
p&(éﬁ, s1¢1¢ O{OM'J‘M[E/E)S) (U{,u]\/ e JF )’\&é énouOL injeu )V6§ &11«% p&(é IE, s)¢1¢4 coa{owl J Zg I, 5))

Lt (EE,5) be | \%i\ the PM@@J;V\Q distusoion, we Nave Hie \a(,\ltowm%-
Mjcmﬁ S silting < er:ler% = kE*hH.'n@ = moximal W“g?ﬁ{-
Ip PMEC@ :@AMPH fov Some p€ Z/ AN N%iﬂk olobuﬂt Rf ZZ for wlq;oln Jr)'w.fe 6><{5{‘5 oN

ﬂﬂlOM{EEU(Pmdyﬁé?i)ﬂfwmﬁz;n)‘{Dra&)/w&(vpb o@ p has A %@W?Baﬁrg ww@\e/{“i(on‘ Mov‘eow,\g er\&
dual resolt also hslds.

Fov wlﬁms‘.o whnwjrw{ P”l VK"””LS' w§J(L\ PK=U2/ W\Dd{(/\) 1S ;HJ /\ VS s&m'\s'\mplc oYy (MM1+0L
equ;v%lﬂ"\* er) Jr]w PwH/\ alé(yl’ira 0\3 IK/Z:\ Pb‘r some N> 1.
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However, pov an Artin alﬁebm /\, K;A’:K,H'D] [Pn’dl/\w S I Tt also KS/HF,
orsechvest Homo, (P XUV =E(B,X) = 0 ¥XeK, © P2 (Lally, TeLy(K,) & T= =PI, PePy(K, )
o — Pt pt & pe

L”Jwt!g pfooaazz Vel & POMK; 1 v X PJ GK: we (/\4\16 H"& g‘{ wgu QL\ZDL %mmﬁ e P —> P(ﬁ “"Cl) — (3 N

O—->O~> P1—>P1

DU\ W[/V U{/\ wWe (an POJ(C&Q %D pt N p - Pri — é HM)S (JH‘%M}VL% H"@ Cbﬂlﬂ[&«"'FéV\ —>P ﬂX " K’/\'

Ao dn(, )21 VP‘«L ProiIS,), we have the dictinguis hed Ariangle P2P=0 =P i1 D), whith we
anvotde o PO~ PEIZPEL, Hhos uinng the conplation P=0~PUT 1 K
redved : Py (K, )N T,K,) = 82 slpaming=9i¢

Moreover, KE223 [Prss () and it dual are por anwy ving A fhough They waw not be KS/ES/HF.

Ao

Pe pm&[/\)z ﬂ i
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(i) X Iloﬂé::{X{?’{H&W\T (X}Y) =6 V‘Yé " lo_n,
\3% ULA, Oluouuxsj % NO‘& g(mw/gwmfw)

6 7= Xxd: NCer there ke X2C oY= XUD i A il XeX, Ve ;
i X EXIT (equy, WITEY)

s o o l-dhucdire. s whar® s O =AY and s slinded ctuart s Ci= SxSHI= a1y
Sine € ;s thosed onder exttensions i 7 ik has an extriongulated shevcture induced by E#o?y( P) Hom,. - 711) and A
[similarly o KE Yo A S Clors ). Ty S8 thon ¥C €, ES.C)=Hom,y (S,CH1) =0 since S<XAT
Ce4l and Hom, (XL T Hpmf,»é%,“i) O by w)/uol’\ S-PME C)Thug) ¥ e E S*’SLﬂJ we can rotate
the CMNSP@VWL;M& ‘}rmw&\& D=>C— S' [1] = SWl w A 10 oéjmlv\ o pméeml ive mplqu:m\ op C in C/
proving & has enovaln progectives. Since E2(6)= Hom, (X0210Y ) XIHINYT2T )< Howy (101, 9E21) % Hom (24)
C s kamiiﬁ%) wl’LF(/”] 1S éé(u?vd«mjr 1o po’\(‘é)éi. M@reover, lom.dim (C) Ej. = pm\/aoQ as

Thus, ngfav\zlei tohexcts of the (0-4-shroctpres are

Mutation in lander Extriangolated Codenor 3%,/ O-Avslander extriangulated categories




HF, 20Y K~lineay 'l‘\r‘\‘aﬁfﬁutﬁx'l’l«A u}%on‘e/s w:J(L\ A clusjr@r Jr”v»@ olodcujf Le.g. closter cw}eﬁor\‘eg of cu,bz,lrc 4uivers ov

GP Bcw, Py\\'e ép, vers wal/\ ‘)b‘l‘(/\/\{‘ \) Qe

Tbte bcmj(%om op V\/a“(s Je mwu/\ajj H/\e wuLeg@r@ of @ml{wtj Q\cv\wwéc& mwQ [&g ovVex- ‘H’t!&
Pcuq/\ [6elmm op the uassow\\\/% Oof A4 %enjr\e (muMQ quwex) XY

?i@\&q Subw\j}%oﬂas o€ Qxfr:angu\o\}e& m‘k%a\r\‘bé — P(Jﬂd VC+H’®
(via the YN\XW\M Ydonlive/ ax‘muﬁv\ﬁrul sty c+w6 mak‘.wg e | ob§¢ul*g ' 72 Pws,uhw,) \'Worﬂ

\
s %
5>
|

hm/t&u L)(ak u}egom@& w‘J(\/\ 7 Juélrar {"H V\S 0‘7\}6617 ] CM'D] CJA< )
. ) leaemus exaﬂt Q[USWL&Y‘CA'%DﬁeS

a/zﬁé} more /
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§31 @{%idt ve&uc)ﬁ@y\

QMK If 9 C € is a full closed under isomorphisms and in ¢, it follows
that (Z,E9,54) is an , where [E¢4 is the restriction of E to °P x Z°P and
54 is the restriction of s to [E4, which we call the restriction of € to 9.

Lov For RC, we depine 0292 [EXR)=0 YReRE and 2=5¥er [Er,1)-0 YReAD.

Remark 1.2.2.21 Let R C % be and in 4. Then, the subcategory
HURNAR C Eis and closed under in €. Then, it follows that
the restriction (MM RAR, EL,prpir, 51104011 ) IS an . Note that R C

and, moreover, all of the elements of R are in *RNR*. Thus, we obtain
the extriangulated category

HTRART/(R) = €x.

which we denote explicitely by (¢'r,E,5) and call the reduction of € by R. We note that, if (¢,E,s)
is hereditary, then (¢, E,5) is also hereditary.

f\ }’) 1 Q;%I a{ reﬂ\vo{“:@ %



Almect comxa\eﬁ& oy Aty -
Definition 4.1.2.6 A R’ C € is almost complete if
e 1t 18 not

e it contains all objects;

e there exists an indecomposable object R € € such that is (co)tilting;

in which case R is called a complement for R’.
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